L 2 -PROPERTIES OF THE d AND THE 9-NEUMANN OPERATOR 
ON SPACES WITH ISOLATED SINGULARITIES 

N. 0VRELID AND J. RUPPENTHAL 

Abstract. Let X be a Hermitian complex space of pure dimension with only 
isolated singularities and ir : M — > X a resolution of singularities. Let il CC X be 
a domain with no singularities in the boundary, ft* = f2\SingX and fl' = 7r _1 (f2). 
We relate L 2 -properties of the d and the 9-Neumann operator on f2* to properties 
of the corresponding operators on f2' (where the situation is classically well under- 
stood). Outside some middle degrees, there are compact solution operators for the 
(9-equation on f2* exactly if there are such operators on the resolution fi', and the 
(9-Neumann operator is compact on f2* exactly if it is compact on f2'. 



1. Introduction 

The Cauchy-Riemann operator d and the related 9-Neumann operator play a 
central role in complex analysis. Especially the L 2 -theory for these operators is 
of particular importance and has become indispensable for the subject after the 
fundamental work of Hormander on L 2 -estimates and existence theorems for the d- 
operator (see |H3] and |H4j ) and the related work of Andreotti and Vesentini (see 
[AVJ). By no means less important is Kohn's solution of the 9-Neumann problem (see 
|K1] . |K2] and also |KN] ) . which implies existence and regularity results for the d- 
complex, as well (see Chapter III. 1 in |FK] ) . Important applications of the L 2 -theory 
are for instance the Ohsawa-Takegoshi extension theorem |OT] . Siu's analyticity of 
the level sets of Lelong numbers |S3] or the invariance of plurigenera [S4] . 

Whereas the theory of the 9-operator and the 9-Neumann operator is very well 
developed on complex manifolds, not too much is known about the situation on singu- 
lar complex spaces which appear naturally as the zero sets of holomorphic functions. 
The further development of this theory is an important endeavor since analytic meth- 
ods have led to fundamental advances in geometry on complex manifolds (see Siu's 
results mentioned above), but these analytic tools are still missing on singular spaces. 

The topic has attracted some attention recently and considerable progress has been 
made. Let us mention e.g. the development of some Koppelman formulas by Ander- 
sson and Samuelsson ( |ASlj . |AS2j ). Concerning the L 2 -theory for the 9-operator, 
0vrelid and Vassiliadou obtained essential results for the case of isolated singulari- 
ties. Following a path prepared by Pardon and Stern (see [P], |PS1] . jPS2] ). Fornaess, 
Diederich, Vassiliadou and 0vrelid (see [F], jDFVj [FOV2] . [OVl] . [Q\% and by 
Ruppenthal and Zeron (see |R2j . [R3j . [R4j . |RZ1] . |RZ2] ). they were finally able to 
describe the L 2 -cohomology for the 9-operator at isolated singularities completely in 
terms of a resolution of singularities (see |OV3j ). For another, different approach to 
these results we refer also to |R6j . 
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This is an important progress concerning the understanding of the obstructions to 
solving the <9-equation at isolated singularities. It remains to study the regularity 
of the equation: On domains in complex manifolds, the close connection between 
the regularity of the <9-equation on one hand and the geometry of the domain (and 
its boundary) on the other hand is one of the central topics of complex analysis. It 
is an interesting task to establish such connections also between the regularity of 
the <9-equation at singularities and the geometry of the singularities. In the present 
paper, we study the existence of compact solution operators for the (^-equation at 
isolated singularities and compactness of the d- Neumann operator in the presence of 
isolated singularities. This complements the discussion of the topic in |R5j . 

Compactness can be seen as a boundary case of subelliptic regularity (when the 
gain in the subelliptic estimate tends to zero), and is an important property in 
the study of weakly pseudoconvex domains (see [S5] for a comprehensive discussion 
of the topic). Moreover, compactness of the d- Neumann operator yields that the 
corresponding space of L 2 -forms has an orthonormal basis consisting of eigenforms 
of the <9-Laplacian □ = dd + d d. The eigenvalues of □ are non-negative, have 
no finite limit point and appear with finite multiplicity. It might be an interesting 
question to study whether there is a nice connection between the eigenvalues and the 
structure of the singularities. 

Our main results are as follows. Let X be a Hermitian complex spacd3 of pure 
dimension n with only isolated singularities. Let ir : M — > X be a resolution of 
singularities which exists due to Hironaka (see Section [2T4|) . and let a be any (positive 
definite) Hermitian metric on M. We denote by L p ' q the spaces of L 2 -forms on Reg X, 
and by L p,q the spaces of L 2 -forms on M with respect to a. Let Q CC X be a 
relatively compact open subset of X such that the boundary of Q does not intersect 
the singular set of X, bQ n SingX = 0. Let Q* := Q \ SingX and Q' := 7r _1 (n). 

Thus, the resolution of singularities has the following nice effect: If the original 
domain Q has a "good" boundary bQ, then Q' is a domain in a complex manifold 
with the same "good" boundary. One might consider for example a domain Q with a 
strongly pseudoconvex boundary, or assume that X is a compact space and Q — X 
(no boundary at all). In both cases we know that the 9-equation has compact solution 
operators on Q' (modulo the obstructions to solving the equation), and that the d- 
Neumann operator exists and is compact. It is thus interesting to relate properties 
of the <9-operator on Q* (which have to be studied) to properties of the d-operator 
on Q' (which are well understood): 

Theorem 1.1. Let q > 1 and either p + q ^ n or (p,q) = (0,n). Under the 
assumptions above, the d-operator in the sense of distributions 

~3 : L™-\Q?) ^L p ' q (Q*) 

has closed range (of finite codimension) in kerd C L p,q (Q*) exactly if the d-operator 
in the sense of distributions 

d M :L p f~\Q')^L p f{Q') 

has closed range (of finite codimension) in kerc^/ C L P j q (Q'). 

1 A Hermitian complex space (X, g) is a reduced complex space X with a metric g on the regular 
part such that the following holds: If x € X is an arbitrary point there exists a neighborhood 
U = U(x) and a biholomorphic embedding of U into a domain G in and an ordinary smooth 
Hermitian metric in G whose restriction to U is g\u- 
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If this is the case, then there exists a compact d-solution operator 
S:lmdc L p ' q (Q*) L p ' q ~\n*) 
exactly if there exists a compact d-solution operator 

The phrase 'of finite codimension' is optional and may or may not be included 
in the statement of the theorem, just as desired. Note that there are interesting 
cases where Im d is closed without being of finite codimension in ker d. Consider the 
following example: Let X be a variety of dimension n > 3 with isolated singularities 
in and Q the intersection of X with a spherical shell S = {z : r < \z — Zq\ < R}. 
Assume that bS intersects X transversally in RegX. When fl ; is a desingularization 
of Q, it follows from the arguments in jSl] and Theorem 3.1 in |H5j that the image 
of d : L°> n ~ 2 (Vt') — > L '"" 1 ^') is closed of infinite codimension in ker d C LP> n ~ l (Vt'). 
Moreover, the minimal solution operator is compact. 

Our main tools in the proof of Theorem [1J] are the existence of <9-solution operators 
with some gain of regularity at isolated singularities from |FOV2] (see Theorem 
I4.ip and a characterization of precompactness in the space of L 2 -forms on arbitrary 
Hermitian manifolds (Theorem 12. 2p . which shows that these d-solution operators are 
compact (Theorem 14. 2p . Other ingredients are Hironaka's resolution of singularities 
and Kohn's subelliptic estimates. 

Using Theorem 11.11 and a representation of the <9-Neumann operator in terms of 
canonical solution operators for the <9-equation (Theorem 16. 2p . we deduce: 

Theorem 1.2. Let X be a Hermitian complex space of pure dimension n with only 
isolated singularities, and Q CC X with no singularities in the boundary bQ. Let 
7r : M — > X be a resolution of singularities and a any (positive definite) Hermitian 
metric on M. Let q > 1 and assume that the d -operators in the sense of distributions 
with respect to the metric a on Q! = 7r _1 (f2) ; 

both have closed range in the corresponding kernels of ' d M . Then the following holds 
(for the statements ii. - iv. we require that either p + q ^ n — l,n or p = 0): 

i. = d (d pq )* + (d pq+1 )*d pq+1 has closed range and the corresponding d- 
Neumann operator 

is bounded^ 

ii. On Q* = Q \ SingX, the operators 

d M : L p > q ~\n*) -)• L p ' q (Q*), 
d m+1 : L p ' q {Q*) L p ' q+1 {Q*) 

both have closed range in the corresponding kernels of d. D Ptq = d M d p „-\-d p +1 d Ptq+ i 
has closed range and the corresponding d-Neumann operator 

Np,q = : L p >i(Q*) -+ m{sr) 

2 By a little abuse of notation, wc write = for d- Neumann operators though is an 
inverse to the (3-Laplacian □ = dd + d d only on the range Im □. 
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is bounded. 

Hi. If Im d is of finite codimension in ker d^ q+1 , then Im d P:Q is of finite codi- 
mension in ker d p ^ q+ i and both, Im D™. and Im \3 p>q , are of finite codimension in 
L p a ,q {Vl l ) and L p,q (Vl* ), respectively. If Im d^ q+1 is of finite codimension in kerd p q+2 , 
then Im <9 Pi(? +i is of finite codimension in ker9 P)g +2 

iv. Np^ q is compact on Q* exactly if is compact on Q' . 

We remark that closed range of d pq , d q+1 in the assumptions is in fact a necessary 
condition for (i) and (ii), respectively (see Theorem 12.61 and Theorem 15. ip . 

The present paper is organized as follows. In Section [2j we generalize a characteri- 
zation of precompact sets in the space of L 2 -forms on arbitrary Hermitian manifolds 
from |R5] to the case of forms with values in Hermitian line bundles (Theorem 12. 2j) 
which also induces a nice characterization of compactness of the <9-Neumann opera- 
tor (Theorem 12. 3p . Besides, we collect some other facts from functional analysis that 
are needed throughout the paper. In Section 12.41 we recall the necessary facts about 
the resolution of singularities it : M — > X. 

In Section [3], we study the closed range property of the (^-operator and the existence 
of compact <9-solution operators for forms with values in holomorphic line bundles 
twisted along the exceptional set of the resolution ir : M — > X (Theorem I3.ip . We 
need this because L 2 -forms on X do not correspond to L 2 -forms on the resolution 
M in general, but to L 2 -forms with values in some line bundles (depending on the 
degree of the forms). 

In Section HI we recall the <9-solution operators at isolated singularities of Fornaess, 
0vrelid and Vassiliadou from |FOV2j , and deduce in Theorem 14.21 the existence of 
compact solution operators by use of the criterion given in Theorem 12. 2[ These 
operators are used to prove our first main statement, Theorem 11.11 in Section [5) 

Finally, in the last section, we use Theorem 11.11 and the representation of the d- 
Neumann operator in terms of canonical <9-solution operators (Theorem 16.2 j) to prove 
our second main statement, Theorem 11.21 



2. Preliminaries 

2.1. Compactness in the space of L 2 -forms. Let M be a Hermitian manifold 
with volume form dVu arid (E, h) a Hermitian vector bundle over M. If / is a 
differential form on M with values in E, we denote by \f\h its pointwise norm. We 
denote by LP' q {M, E) the Hilbert space of locally measurable (p, g)-forms such that 



2 

LP'i(M,E) 



■= [ \f\ldV M < oo. 

J M 



For functions, we also write L 2 (M, E) instead of L°'°(M, E). 
Consider a countable open covering {Uj}j^ of M. Then: 

Theorem 2.1. A subset K of L 2 (M, E) is relatively compact exactly if the following 
two conditions are fulfilled: 

(i) /C|i/. = {f\uj '■ f ^ ^C} is relatively compact in L 2 (Uj, E\u.) for every j. 

(ii) For every e > 0, there is N eN such that 



[ \f\ 2 h dV M <e V/ G K. 
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Proof. We use the elementary fact that a subset /C of a metric space Ai is relatively 
compact iff every sequence in K has a convergent subsequence (in M). 

Assume first that (i) and (ii) hold. Thus, let s be a sequence in /C. From (i), it 
follows by a Cantor diagonal construction that s has a subsequence such that 

{/mIi/Jm converges in L 2 (Uj,E) for all j. 

Let e > 0. Choose N so big that 

\f\ 2 h dV M < e/8 

A/\Uf =1 ^ 

for every / € /C. Then 

A 7 " 

' / I x x 12 jta , o / /If 12 , If |2\ JI, 

M 



/ \f,-U\ldV h <Y,I \f,-M 2 h dV M + 2 [ (\M 2 + \fv\ 2 )dV^ 

JM j=1 JU 3 JM\[jf =1 

N 

< E / \U-U\ldV M + e/2, 

while the first term on the right hand side is less than e/2 when /i, v > fiQ big enough. 
So, is a Cauchy sequence in L 2 (M,E). 

For the converse direction of the statement, assume that JC is relatively compact. 
Then property (i) is trivial. Let e > 0. As JC is compact, there exist finitely many 
functions fx, Jk £ L 2 (M, E) such that 

K 

K C |J S^C/m) in L 2 (M, E). (1) 

We can now choose N so big that 

/ \U\ 2 h dV M <e/4 for //=!,...,# 

./M\Uf=i ^ 

because we have to consider only finitely many functions simultaneously and can 
exhaust M by increasing N (see e.g. [A], A. 1.16.2). Let f £ JC. Then there exists 
by CQ) an index /i such that 

/ \f\ldV M < 2/ \U 2 h dV M + 2 [ \f-U 2 h dV M 

< e/2 + 2||/-/J|£ 3(M>i) <e, 

and that proves (ii). □ 

We can now use the Garding inequality to characterize (relative) compactness of 
subsets of L 2 -forms which are bounded in the graph norm for d © d . To make that 
precise, we define 

ll/llr p , g (M,B) := II/HIp.9(M,E) + 11^/ II LP. 1+ 1 (M,E) + ll<5 /llz,P.9-i(M,B) 

for (p, g)-forms / G L p ' q (M, L) D Dom<9 PI Dom9 . Here, d is the <9-operator in the 
sense of distributions 

d : L P ' 9 (M, E) -> L p ' q+1 (M, E), 

and 

d* : L p > q (M,E) L p,q ~ 1 (M, E) 
is the Hilbert space adjoint of d : L p ' q -\M, E) -> L M (M, £). 
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Note that for forms of different degree with values in E, we can use different 
Hermitian metrics for the line bundle E, so that the spaces of (p,q — 1), (p,q), 
(p, q + l)-forms carry different weights. 

Theorem 2.2. Let M be a Hermitian manifold, and E a Hermitian line bundle over 
M. Let 

A C L p ' q (M, E) n Domd fl Dom<9* 

be a set of (p,q)- forms which is bounded in the graph norm \\ ■ \\r pq (M,E)- Then A is 
relatively compact in L p,q (M, E) iff the following condition is fulfilled: 
(C) For every e > 0, there exists fl e CC M such that 

\\f\\Lp,i(M-n„E) < e for all f £ A. 

Proof. The proof follows from Theorem 12.11 by use of the Garding inequality. We can 
use Theorem IP for the bundle A p ' q <g> E so that L p ' q (M, E) = L 2 (M, A p ' q <g> E). 

We can choose a covering {Uj}j for M such that the condition (i) in Theorem 12.11 
is fulfilled for the set A because it is bounded in the graph norm. Just make sure 
that {Uj}j is a countable covering such that each open set Uj is relatively compact 
in M and that Uj is biholomorphic to a ball in C n . We can assume that E is trivial 
over Uj. 

It follows from the Garding inequality (see e.g. |FKj . Theorem 2.2.1) that there 
exists a constant Cj > such that 

IMIw&ftDi-) ^ Cj\\u\\r p , g (M,E) 

for all u G C°°(M, E), where we denote by W 1,2 the Sobolev jy 1,2 -norm. It follows 
by a standard density argument that A\u^ is a bounded subset of W^ 2 (Uj). But the 
embedding Wp£(Uj) t — >• L p ' q {Uj) is compact by the Rellich embedding theorem (see 
[X] . Theorem A. 6. 4). Thus A\uj is relatively compact in LP ,q {Uj, E\u^) for each j. 

The proof is completed by the easy observation that condition (C) is equivalent to 
condition (ii) from Theorem 12. 1[ □ 

Note that we intend to use Theorem 12.21 with M = RegX, the regular set of a 
singular Hermitian space, or an open subset of RegX. 

From Theorem 12.21 one can deduce the following criterion for compactness of the 
<9-Neumann operator (see |R5j . Theorem 1.3). Recall that the <9-Neumann operator 
N is defined as follows: for u e Im □, let Nu be the unique form in □ _1 ({m}) which 
is orthogonal to ker □. 

Theorem 2.3. Let Z be a Hermitian complex space of pure dimension n, X C Z 
an open Hermitian submanifold and d a closed L 2 -extension of the d cp t- operator on 
smooth forms with compact support in X , for example the d- operator in the sense of 
distributions. Let < p, q < n. 

Assume that d has closed range in L p,q (X) and in L p,q+1 (X). Then □ = dd +d d 
has closed range in L p,q (X) and the following conditions are equivalent: 

(i) The d -Neumann operator N = D -1 : Im □ — > L p ' q (X) is compact. 

(ii) For all e > 0, there exists fl CC X such that ||w||lp,9(x-o) < e for all 

u e {u E Dom(<9) n Dom(<9*) n Im □ : Pm|| Lp , 9 +i + < 1}. 

(Hi) There exists a smooth function if) G C°°(X, R) ; if) > 0, such that if)(z) —> oo 
as z — > bX , and 

(Du, u) L 2 > [ i)\u\ 2 dV x for all u G Dom □ D Im □ C L p ' q (X). 
Jx 
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2.2. Closed, densely defined linear operators. Let T : Hi — > H 2 be a closed, 
densely defined linear operator between Hilbert spaces Hi, H 2 . Then its adjoint 
operator T* : H 2 — > Hi has the same properties. 

We define the minimal solution operator of T, S : Im T — > Hi, by ToS(u) = it 
and Su _L kerT, i.e. Sw is the unique element of T _1 ({-u}) that is perpendicular to 
kerT. It follows directly by |H3j . Theorem 1.1.1, that S is bounded exactly if Im T 
is closed. Moreover, Im T is closed exactly if Im T* is closed. 

When Im T is closed, we extend the minimal operator S to a bounded operator 
H 2 ->■ Hi by setting Su = for u G (Im T) x = kerT*. 

Lemma 2.4. Assume that Im T is closed and let S : H 2 — > Hi be the minimal 
solution operator of T . Then the minimal solution operator ofT* equals the adjoint 
S* : Hi -»■ H 2 ofS. 

Proof. When S' is the minimal solution operator of T* , we observe for u G Hi and 
v G H 2 that 

Sv G (kerT) ± and S'u G (kerT*)^. 

Moreover, 

u - TSv G (Im T) x = kerT* and u - T*S'u G (Im T*) x = ker T. 

Hence 

(S'M,u)fl- a = (S'u,TSv) H2 = (T*S'u,Sv) Hl = (u,Sv) Hl , 
since v - TSv 1 S'u and u - T*S' 1 Su. Thus S' = S*. □ 

Consider next two closed, densely defined linear Hilbert space operators T\ : Hi — )■ 
H 2 , T 2 : H 2 — )■ H 5 such that Im T\ C kerT 2 , i.e. T 2 oTi = 0. Then we have also that 
Im T 2 * C ker T*, i.e. T* o T 2 * = 0. We define 

□ : H 2 #2 by Dm = TxT*u + T 2 *T 2 w 

on DomD = {u£ DomT* n DomT 2 : T x *m G DomTi and T 2 m G DomT 2 *}. 

Theorem 2.5. □ is closed, densely defined and self-adjoint. 

The statement is well-known fact from operator theory, for a proof see e.g. |R5] . 
Theorem 3.1. Clearly, the kernel of □ is 

H = kerT* nkerT 2 

since (Uu,u) = ||T*m|| 2 + ||T 2 w|| 2 when u G DomD, and we have the orthogonal 
decomposition 

H 2 = % © x Im □ 

by the self-adjointness of □. Observe that H, Im Ti and Im T 2 * are mutually orthog- 
onal. We have the obvious inclusions 

Im □ D Im Ti + Im T 2 * D Im TiTj* + Im T 2 *T 2 D Im □. (2) 

Taking closures gives the orthogonal decompositions 

Im □ = Im Ti © x Im T 2 * = Im TiT* © x Im T*T 2 , 

and 

H 2 = H® ± Im Ti^* © x Im T 2 *T 2 . 
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Theorem 2.6. □ has closed image exactly %fT\ and T 2 have closed images. Let N 
be the minimal solution operator o/d. When Im □ is closed, then 

iv = stSi + s 2 s; 

for the extension of N to H 2 . 

Proof. If Im □ is closed, then (j2J) implies that Im □ = Im T\ (B ± Im T 2 , where Im T\ 
and Im T 2 must be closed. 

On the other hand, assume that Im 7\ and Im T 2 are closed. Let f = f\ + f'2 
where fx G Im 7\ and f 2 G Im T 2 * . Then 

S 1 / = S 1 / 1 G(kerT 1 ) ± = ImT* 

since Im Tj" is closed. Also 

ui = SJSi/i = SJSi/ G (kerT*^ = Im T x 

so that T 2 U\ = while TiT^ui = f\. In the same way, 

u 2 = S 2 S* 2 f 

satisfies T 2 T 2 u 2 = f 2 and T^u 2 = 0. Setting u = u\ + 1*2, we see that 

u G DomD and Du = / 

so that / G Im □. On the other hand, Im □ C Im T\ + Im T 2 , so that the both 
spaces must be equal. 

Moreover, ui G Im 7\ and M2 G Im T 2 , so M _L H and thus 

w = (S^Sx + S 2 S*)/ = A//. 

□ 

The first part of the proof of the Theorem implies the following: 
Proposition 2.7. IfT\ has closed image, then 

ImDDlmTi and N\ j m T = S^S X | j m T . 

2.3. Some more functional analysis. In this section, we state some well-known 
results from functional analysis that are used in the paper. We include proofs for 
convenience of the reader when we do not know a suitable reference. 

Lemma 2.8. If V is a subspace of a Banach space B that has a closed subspace Vb 
of finite codimension in V, then V is also closed. 

Proof. As Vq is closed, the quotient space B/Vq is also a Banach space and the 
quotient map q : B — )• B/Vq is continuous (see e.g. |Rlj . Theorem 1.41). 

B/V is a finite dimensional subspace of B /Vq, hence closed. So, V = q^{B /V) is 
also closed. □ 

Lemma 2.9. Let A : E — > F be a closed operator between Banach spaces E and F 
with the domain of definition DomA C E. If A{Dom.A) is of finite codimension in 
F, then A(Dom(A)) is a closed subspace of F. 

Lemma T2.9I follows from Banach's open mapping theorem. For a proof, see |HL2j . 
Appendix 2.4. 

Lemma 2.10. Let T : Hi — > H 2 be a linear map between Hilbert spaces H\,H 2 . If 
T\y '■ V — > H 2 is compact for a closed subspace V of finite codimension in Hi, then 
T is compact. 
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Proof. Let {a%, ...,af.} be a basis for the orthogonal complement of V in Hi, and 
let 6 M := Ta^. Let {fj}j be a bounded sequence in Hi and consider the unique 
representation 

fj /• ■ /;■"/, 

where /° G V and fj,...,fj G C. As T|y is compact, there exists a subsequence 
{/j,}z of {fj}j such that {T/jj}; is a Cauchy sequence in if 2 - 

On the other hand {fj}j is bounded so that {fj}j is bounded for \i — 1, fc. So, 
we can choose the subsequence such all that the sequences {fjj}i are convergent 

for fi = 1, fc. But then 

'If, 'Hi • /:/„ /> 

is also a Cauchy sequence in H 2 . □ 

Lemma 2.11. Let T : Hi — >■ i7 2 fre a closed and surjective linear map between Hilbert 
spaces Hi,H 2 , and So : V — > Hi a bounded right-inverse to T on a subspace V of 
finite codimension in H 2 . Then So can be extended to a right-inverse H 2 — > Hi to 
T, and any such extension is bounded. If So is compact, then so is S. 

Proof. Choose a basis ei,...,e/ of the complement of V in H 2 . Then there exists 
forms hi, hi G Hi such that Th v = e v for v = 1, I. Then each / G H 2 has a 
unique representation 

i 

f = f + a u e u , f" G V, ai, a { G C, 

and we define S(/) := So(/') + Ylu=i a v^v It is clear that any extension of So to H 2 
has such a representation and is bounded. If So is compact, then S is compact by 
Lemma LlTO! □ 



2.4. Resolution of singularities and comparison of metrics. Let n : M — > X 

be a resolution of singularities (which exists due to Hironaka |H2j ). i.e. a proper 
holomorphic surjection such that 7t\m-e '■ M — E — > X — SingX is biholomorphic, 
where E = 7r -1 (SingX) is the exceptional set. We may assume that E is a divisor 
with only normal crossings, i.e. the irreducible components of E are regular and 
meet complex transversely. However, this assumption is not really necessary for the 
results of this paper, it is enough to assume that E is a divisor. For the topic of 
desingularization, we refer to |AHL] . |BM] and jHlj . Let 7 := n*h be the pullback 
of the Hermitian metric h of X to M. 7 is positive semidefinite (a pseudo-metric) 
with degeneracy locus E. 

We give M the structure of a Hermitian manifold with a freely chosen (positive 
definite) metric a. Then 7 < a and 7 ~ a on compact subsets of M — E. For an 
open set U C M, we denote by L^ q {U) and Lfy q (U) the spaces of square-integrable 
[p, g)-forms with respect to the (pseudo-) metrics 7 and a, respectively. 

For an open set Q C X, Q* = Q — SingX, Q' := 7r _1 (f2), pullback of forms under 
7i gives the isometry 

71* : L p ' q {Q*) -»■ L™(n' — E) = LP' q {Q'), (3) 

where the last identification is by trivial extension of forms over the thin exceptional 
set E. 
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3. HOLOMORPHIC LINE BUNDLES TWISTED ALONG THE EXCEPTIONAL SET 

Let D be a divisor on M with support on the exceptional set E of the resolution 
7r : M — > X, and denote by 0(D) the sheaf of germs of meromorphic functions / 
such that div(/) + D > 0. We denote by L D the associated holomorphic line bundle 
such that sections in O(D) correspond to holomorphic sections in Ld- The constant 
function / = 1 induces a meromorphic section sd of Ld such that div(su) = D. One 
can then identify sections in O(D) with sections in 0[Ld) by g (-> g £g> sd, and we 
denote the inverse mapping by g h- > g ■ . If D is an effective divisor, then Sd is 
a holomorphic section of Ld and O(-D) G O G 0(D). If Z is an effective divisor, 
then there is the natural inclusion 0(D) G 0(D + Z) which induces the injection 
0(L D ) G 0(L D+Z ) given by g \-> (g ■ s^ 1 ) ® sd+z- This also induces the natural 
injection of smooth sections of vector bundles 

^d+z) (4) 

for open sets U G M. 

We give each Lp the structure of a Hermitian holomorphic line bundle by choosing 
an arbitrary positive definite Hermitian metric on Ld. We denote by 

IZ*{U,L D ) 

the space of square-integrable (p, g)-forms with values in Ld (with respect to the 
metric a on M and the chosen metric on Lb). If U GG M is relatively compact, 
then (|3J) induces the natural injection 

L^(U,L D )GL^(U,L D+ z) (5) 

for any effective divisor Z. This does not depend on the metrics chosen on the line 
bundles L D and L D +z because U is relatively compact in M. For more details on 
Hermitian holomorphic line bundles twisted along the exceptional set of the desin- 
gularization, we refer to Section 2 in [R4] and Section 2 in [O V3j . 

By |R2j . Lemma 2.1, or [FOVlj . Lemma 3.1, respectively, there exists an effective 
divisor D with support on the exceptional set E such that 

L^(U, c IZ«(U) G L^(U, L~ D ) (6) 

for all < p, q < n and open sets U GG M. This follows from the fact that dVy 
vanishes of a certain order (exactly) on E. For simplicity, we assume that X has 
only finitely many isolated singularities so that we can choose a fixed positive integer 
m such that the effective divisor mE satisfies (jSJ): 

L^(U, L. mE ) G L^(U) G L™(U, L mE ) (7) 

for all < p, q < n and open sets U GG M. 

In the present paper, we are interested in properties of the <9-operator 

d:L™{U-E) -*L™ + \U-E), 

which we would like to relate to properties of the <9-operator 

d:L^(U)^L^ +1 (U), 

where U is a neighborhood of the exceptional set. We denote by 3d the 9-operator 
acting (in the sense of distributions) on L 2 -forms with values in Ld- 
As a preparation, we need: 
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Theorem 3.1. Let U CC M be a neighborhood of the exceptional set E and D 1} D 2 

two divisors with support on E. Then 

d Dl :L™(U,L Dl )^L™ +1 (U,L Dl ) (8) 

has closed range (of finite codimension) in kerdn 1 exactly if 

d D2 : L^(U,L D2 ) -+ L^ +1 (U,L D2 ) (9) 

has closed range (of finite codimension) in ker<9o 2 . If this is the case, then there 
exists a compact d-solution operator 

51 : Im d Dl C L™ +1 {U, L Dl ) L™(U, L Dl ) (10) 
exactly if there exists a compact d-solution operator 

5 2 : Im d D2 C L™ +1 {U, L D2 ) -> L»f{U, L D2 ). (11) 

Proof. It is enough to prove the statement for two divisors Di, D2 such that D2—D1 > 
0. The general statement follows then by comparing both bundles, Ld 1 and Ljj 2 , with 
£|£>i|+|r> 2 h because (|Di| + |D 2 |) - Dj > for j = 1,2. 

Since is compact by assumption (because E C U CC M), it consists of fc 
pairwise disjoint components i?^, /i = 1, ...,k, such that each a M = 7r(£' /x ) is an 
isolated singularity For /x = 1, choose pairwise disjoint strongly pseudoconvex 
neighborhoods CC U of the components E^. Let V := IJ V^. 

Then it is well known that the operators 

d Dl \v:L^(V,L Dl ) -+ L™ +1 (y,L Dl ), 

have closed range of finite codimension in the corresponding kernels of c^ojy and 
0d 2 \v, respectively, and that there are corresponding compact <9-solution operators 
(see e.g. the proof of Lemma 2.2 in |OV3j which implies that the corresponding 
9-Neumann operators are compact). We denote by EL\ and H 2 the range of Od^v 
and <9d 2 |y in LP' q+1 (V, L Dl ) and LP ,q+1 (V, L D2 ), respectively, and by 

Ta : HY L™(V, L Dl ) , T 2 : E% LM(V, L Di ) 

corresponding compact <9-solution operators. 

Assume first that dp 1 has closed range of finite codimension and that 

Si : Im d Dl C L™ +1 (U, L Dl ) L™(U, L Dl ) (12) 

is a corresponding bounded <9-solution operator. Consider the bounded linear map 

$2 : keid D2 C LPf + \U,L D2 ) -»■ kerd D2 | y 

given by $ 2 (f) : = f\v- Since ifj = Im d^lv is a closed subspace of finite codimen- 
sion in kerd £> 2 \y, the same holds for 

H 2 := ^(H?) = {fe kerd D2 : f\ v G 

in ker <9d 2 . Now then, choose a smooth cut-off function x which has compact support 
in V = |J Vfj, an d is identically 1 in a smaller neighborhood of the exceptional set 
E. Then we can define a bounded linear map 

tf 2 : H 2 -» kerd Dl C L^ q+1 (U, Ldj) 

by the assignment 

feH 2 ^((f- d D2 ( X T 2 (f\ v ))) ■ s D l) ® s Dl 
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since / — d£> 2 (xT 2 (f\v)) is identically zero in a neighborhood of E and suppfi C E. 
By assumption, has closed range Im dn l of finite codimension in kerc^ so that 

H' 2 :=^ l {lmd Dl ) 

has closed range of finite codimension in if 2 . As we have already seen that if 2 in 
turn is closed of finite codimension in kerd^, it follows that if 2 is a closed subspace 
of finite codimension in keidr, 2 . 

On the other hand, since \l/ 2 (if 2 ) ^ Im du 1 , we can define by use of (1121) a d- 
solution operator 

S' a : H' 2 C L^ +1 (U,L D2 ) -+ L^(U,L D2 ) 

by setting 

S' 2 (.f) := ((Si o tf a (/)) ■ S -;) ® Sz)2 + xT 2 (/|y). 

Here, we use the natural injection r({7, LpJ C T(U,Ld 2 ), g ^ (g ■ s~j£) <S> s D , 2 , 
which exists since D 2 > -Di by assumption. Since this injection commutes with the 
(9-operator, 

3^(((Sio* 2 (/)). a £)® aft ) = ((^(Sio^/))).^)®^ 

= (*a(/)-^)®*ft 

= /-9 D2 ( X T 2 (/|y)). 

Hence, 5d 2 S 2 (/) = /, so that if 2 C Im c?d 2 . Summing up, if 2 C Im <9d 2 C kerdo 2 , 
where if 2 is closed and of finite codimension in ker<9o 2 - But then Im 8d 2 is also 
closed and of finite codimension in ker<9o 2 (see Lemma l2.8p . By Lemma 12.1 1[ we 
can now extend S 2 to a <9-solution operator S 2 on Im dn 2 - 

If, in addition, Si is compact, then S' 2 is compact because T 2 is also compact. But 
then S 2 is a compact <9-solution operator on Im dr> 2 (see Lemma [2. 101) . 

For the converse direction of the statement, assume that that dr> 2 has closed range 
of finite codimension and that 

S 2 : Im d D2 C L™ +1 (U, L D2 ) U?{U, L D2 ) (13) 

is a corresponding bounded <9-solution operator. We have to distinguish the two 
cases q > 1 and q = 0. 

Assume first that q > 1. Analogously to the converse direction above, consider 
now the bounded linear map 

$1 : kerd Dl C L p f +1 (U,L Dl ) -> kerd Dl \ v 

given by := /|y. Since if^ = Im c^Jy is a closed subspace of finite codimen- 

sion in kerdojy, the same holds for 

H x := $rW) = {fe kerd Dl : /| y £ iff} 

in kerc^. Again, we use the cut-off function \ to define a bounded linear map 

tfi : ifi -> kerd Da C L™ +1 (U,L D2 ) 

by the assignment 

/ £ if 1 i-> ((/ - ^(xTxC/lv))) • sBl) ® 

Here now, it seems at first hand superfluous that / — c?D 1 (xTi(/|y)) is identically 
zero in a neighborhood of i? because we can use the natural injection T(U, LdJ C 
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r(C7, Ld 2 )i 9 l— >" (g • s z>[) ® s d 2 (recall that D 2 > D±). But, we have now to face the 
problem that forms in the image of S2 can not be considered as forms with values 
in Ln 1 . To treat this difficulty, let Wi,...,Wk be strongly pseudoconvex neighbor- 
hoods of the components E\,...,Ef. of the exceptional set which are contained in 
the set where x = 1, and let W :— {J^W^. Denote by B^ the range of dr> 2 \w m 
LP^{W,L D2 ), and let 

K 2 : BY -+I%*- 1 (W,L Ih ) 
be a corresponding compact <9-solution operator. 

By assumption, dn 2 has closed range Im 6d 2 C L p ^ q+l {U, L D2 ) of finite codimension 
in kerd D2 C L p f +l (U, L D J so that 

has closed range of finite codimension in Hi. As we have already seen that Hi in 
turn is closed of finite codimension in kerdo 1 , it follows that H[ is a closed subspace 
of finite codimension in ker^^. 
Consider 

S 2 o^i\ Hi :H[^L^{U,L D2 ). 

Since 

= ((/ - d Dl (xTi(f\v))) ■ s- D \) ® s D2 
vanishes on W, it follows that S 2 o ^i|^(/) is enclosed on W, and so S 2 o ^i\h[ ■ 
H[ — > keTdo 2 \w is a bounded linear map. Let 

H'(:= (S 2 o^i\ H ,y\BY). 

It follows that H'l is closed of finite codimension in H[ as B™ is closed and of finite 
codimension in kerd[) 2 \w So, H" is closed of finite codimension in kerc^. 

On the other hand, H" C Im 9^, as can be seen now as follows. Let x' be a smooth 
cut-off function with support in W that is identically 1 in a smaller neighborhood of 
the exceptional set E, and let 

S'l-.H'{^L^(U,L D2 ) 

be given as 

S'l(f) := S 2 o Vi\ H ,(f) - d D2 x'K 2 ( S 2 o *i\ H ,(f)\ w ). (14) 

Since the forms S"(/) vanish identically in a neighborhood of the exceptional set E, 
we can define 

Si : H'l L™(U,L Dl ), f » (S'l(f) ■ s D l) ® s Dl , (15) 

and it is easy to check that dn^'iif) = / for all / G H". So, also Im dox is closed 
and of finite codimension in ker &d 1 and one can complement Si by Lemma [2.111 to 
a bounded <9-solution operator 

Si : Im d Dl C I% q+1 {U, L Dl ) L™(U, L Dl ). (16) 

If in addition S 2 is compact, then S'/ and S[ are compact, as well. The additional fact 
that Ti and K 2 are compact is not needed here since the composition of a compact 
and a bounded operator is compact. Note that here the right-hand side of (III"]) does 
not cause any difficulties because 

d D2 x'K 2 ( S 2 o Vi\ H ,(f)\ w ) = d X ' A K 2 ( S 2 o *i\ H ,(f)\ w ) + X 'S 2 o Vi\ H{ (f). 
Consequently, Si is a compact (9-solution operator on Im c^. 
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It remains to treat the case q = 0. Let $1, Hi, *&i and H[ be as above (in the case 
q > 1). We shall simply change the definition of H": 

Observe that when / G 7f(, S 2 o ^i(f)\ w is a holomorphic section of fl p g) L D2 
over W. Let a;?,- be the sheaf of holomorphic sections of Q p ® Lp., j = 1,2. Then 

3 ■* 

there is a short exact sequence of coherent analytic sheaves 

O-x^-^w^— >Q-> 0, 

where z(/i) = (/i ■ s^J <E> S£> 2 and Q is supported on the exceptional set E. This gives 
the exact sequence 

T(W,u p Di ) T(W,u p D2 ) — > T(W,Q), 

where T(W, Q) is of finite dimension as Q is a coherent analytic sheaf with compact 
support in W. So, Im has finite codimension in T{W,u p D2 ). 
We have 

ker^(w) = r(w, ^.) n ig?°(w; l Dj ) , 3 = 1,2. 

With Z = ^IkerF' 1 ^)' We See ^ na ^ 

Im z' = Im i» nker^(W). (17) 

Then the codimension of Im i in kerc^^W 7 ) is < codim Im i*. This follows from 
the simple fact that when U, V are subspaces of a vector space W, then the natural 
map jj^-y — >■ y-, induced by the inclusion {7 ^->- W, is injective. Thus Im i is of finite 

codimension in ker (f^ 2 {W), hence closed by Lemma 1279]. and in 1 : / H- (/ '• s~£)®sd 1 , 



f G Im z'o, is bounded. 

Setting 77" := {/ G i7{ : S 2 o ^i(f)\ w G Im z }, we see that H" is closed and 
of finite codimension in 77{. Moreover, we see that / (->■ (S 2 o ^i(f) ■ s^) <8> is 
a bounded linear c^-solution operator 77 2 ' — >• L^'°(U, LdJ that is bounded if S 2 is 
compact. □ 

By a slight modification of our arguments above, we can drop the condition on 
finite codimension and obtain: 

Theorem 3.2. Let U CC M be a neighborhood of the exceptional set E and Di, 77 2 

two divisors with support on E. Then 

d Dl : L p f{U,L Dl ) L^ +1 (U,L Dl ) (18) 

has closed range in ker (9^ exactly if 

d D2 : L™(U, L D2 ) -+ 7^ +1 (£7 L D2 ) (19) 

/ias closed range in kerc^. 

If this is the case, then there exists a compact d-solution operator 

51 : Im d Dl C L p f +1 (U, L Dl ) -+ L p f(U, L Dl ) (20) 
exactly if there exists a compact d-solution operator 

5 2 : Im d D2 C L™ +1 (U, L D2 ) -> L™(U, L D2 ). (21) 

Proof. We just need to modify the proof of Theorem 13.11 at some steps. 

Assume first that 8d 2 has closed range. We have that 77" is closed and of finite 
codimension in H[, and that H" C Im dp 1 . (These facts did not depend on finite 
codimension of Im 8d 2 m ker<9o 2 .) 
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On the other hand, let / G Im 8d 1 with / = d^u. As Im dp 1 C Hi, we see (using 
D 2 > Di) that ^fi(f) = d D2 v where 

v=((u- X Ti(f\v)) ■ s£) s D2 G L™(U, L D2 ). 

So, / G H[. Hence Im do 1 C H[ and H" has finite codimension in Im dox- But then 
Im is closed by Lemma [2.81 

If, moreover, S 2 : Im djj 2 L^' q (U, L D2 ) is a compact solution operator on Im do 2 , 
then is a compact solution operator on H" (see fTT5|) ). Hence, Si : Im &d 1 — > 
L^' q (U, Ldx) is compact as well by Lemma 12.101 as H" has finite codimension in 
Im Odx (see ( 1T6|) and the arguments thereafter). 

For the converse direction of the statement, assume that dr> 1 has closed range. 
Then we know that H' 2 = ^ 2 1 (Im <9dJ is closed and contained in Im do 2 - We shall 
find a subspace H 2 of finite codimension in Im do 2 with H 2 C H' 2 , so that H 2 must 
have finite codimension in Im dn 2 and Lemma [2.81 can be applied. 

Choose a (possibly discontinuous) c?d 2 -solution operator 

S : Im djj 2 — > Dom(<9o 2 ). 
When q > 0, consider the linear map 

F : Im d D2 -> ker9 D2 | y /Im d D2 \ v = C L 

induced by / \-> (So/)|v — T 2 (/|y). Then H 2 := F _1 (0) has finite codimension in 
lmd D2 . Let / G H 2 . Then 

(S f)\ V -T 2 (f\y)=d D2 V 

with v G L p f~ l (y,L D2 ). Observe that 

f -d D2 ( X T 2 (f\ v )) = d D2 ((l-x)S f)+d D2 (x(S f-T 2 (f\ v ))) 

= d D2 ((l- X )S f-d X Av), 

since do 2 (dx A v) — —dD 2 (xdD 2 v). Then ^ 2 (f) = do^, where 

w = ((1 - x)S J — 9% A f ) • sB! ® G L^(t/, L Dl ), 
so that H 2 C -f^2 as desired. 

It remains to treat the case q = 0. For that, recall the construction of the maps 
and io in the last section of the proof of Theorem l3.ll but replace the neighborhood W 
of the exceptional set by the bigger neighborhood V which has strongly pseudoconvex 
boundary, as well. We denote the corresponding maps by ijf and respectively, i.e. 

■v _ -v\ 

l - % * I kar^OO " 

Consider now the linear map 

G : Im d D2 -> ker d Da (V)/Im % = C L 

induced by / t-> (So/)|y — T 2 (f\ v ). Recall that we showed that ker 0D 2 (V)/Im %q is 
of finite dimension. It follows that H 2 := G -1 (0) has finite codimension in Im dr> 2 . 
For / G H 2 , observe as above that ^ 2 (f) = d^w for 

w = ((1 - X )Sof + x(So/ - T 2 (/|y))) ■ Sd J ® s Dl G I£ (f/, L Dl ). 
Hence if 2 C H 2 as desired. 
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Assume moreover that Si : Im &d 1 — > L p,q (U, £_Di) is a compact solution operator 
on Im dn 1 . Then we have seen in the proof of Theorem 13.11 that S' 2 is a compact 
solution operator on H' 2 . Hence, S2 : Im <9d 2 — > L p,q (U, Le> 2 ) is compact as well by 
Lemma [2.101 as H' 2 has finite codimension in Im <9d 2 (see also Lemma [2. lip . □ 

4. Regularity of the 9-operator at isolated singularities 

In this section, we recall some L 2 -regularity results for the <9-equation at isolated 
singularities due to Fornaess, 0vrelid and Vassiliadou (see |FO V2] ) which imply the 
closed range property of the (^-operator at isolated singularities, and we deduce the 
existence of local compact solution operators. 

As always, let {X,g) be a Hermitian complex space and let a G X be an isolated 
singularity. Let U be a neighborhood of the point a so that there exists a holomorphic 
embedding of U in a domain D CC such that a = and the metric g is the 
pull-back of a smooth Hermitian metric G on II. For the following estimates, we 
can assume that G is just the Euclidean metric, G = idd\\z\\ 2 . Then we can use the 
following results of Fornaess, 0vrelid and Vassiliadou (see |FOV2j ) on regularity of 
the (^-equation at isolated singularities. 

Theorem 4.1. Let X be a pure n- dimensional complex analytic set in C N with an 
isolated singularity at and let X carry the pull-back of the Euclidean metric. Let 
U be the intersection of X with a small ball centered at the origin, U = X D B r (0), 
and U* = Regf/= U\{0}. 

If p + q < n, q > 1, then the d-operator 

d : L m ~ x (U*) ^L p ' q (U*), 

has closed image Im d of finite codimension in ker d, and there exists a constant 
C > such that for each f e Im d there exists u G L p,q ~ l {U*) with du — f satisfying 

[ \u\ 2 \\z\\- 2 \og-\\\z\\- 2 )dV x <C [ \f\ 2 dV x . (22) 
Ju* Ju* 

Let < c < 1. If p + q > n, there exist a constant C c > such that for each 

f G ker d C L p,q (U*) there exists u G L p ' q ~ 1 {U*) with du = f satisfying 

[ \u\ 2 \\z\\~ 2c dV x < C c [ \f\ 2 dV x . (23) 
Ju* Ju* 

Proof. Let p + q < n, and let B be the L 2 -space of (p, q — l)-forms v such that 

/ M 2 ii2ir 2 iog- 4 (ii2||- 2 )^ x < 00. 

Ju* 

By |FOV2| . Theorem 1.1, we know that the range of d : L p ' q ~ 1 {U*) -> L p > q (U*) 
contains a closed subspace that has finite codimension in ker d C L p,q (U*). Thus, 
Lemma 12.81 tells us that Im d is also closed and of finite codimension in ker d. 

For / G Im d we choose u G L p ' q ~\U*) such that du = f. Let \ G C™ t {U*) be a 
smooth cut-off function with compact support that is identically 1 in a neighborhood 
of the origin. Then 

f = du = d({l - x)u) +dxAu + xf, 

and 

fo :=dxAu + xf 
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is enclosed with compact support in U. By |FOV2] . Proposition 3.1, there exists 
u G B such that du = f . Thus u' := (1 — x) u + u £ B and du' = f. 

That shows the existence of the desired solution u' G B. The constant C > is 
obtained by the oppen mapping theorem: as the mapping d : Dom d C B — > Im d is 
surjective and Im d is closed, there exists a continuous inverse mapping. 

In the case p + q > n, the statement follows directly from Theorem 5.9 in [FO V2j . 
Here, the (^-equation is solvable for all / G ker d. □ 

We are now in the position to construct compact solution operators for the in- 
equation. Let a G Sing X be an isolated singularity and U a strongly pseudoconvex 
neighborhood of a as in Theorem 14.11 

We choose compact neighborhoods K%, K2 of the singularity a, with K\ C K-z- Set 
Uj = U\ Kj for j = 1,2, and V\ : = K2 \ K\. Choose a smooth weight function ip on 
U* such that ip = log \\z\\ near a = and <p = on U\. 

Recall that L p,q (U*, tp) is the Hilbert space of forms / that are L 2 with respect to 
the weight ip in the sense that 

f |/|VW < 00. 
Ju* 

For p + q 7^ n, q > 1, let 

T : L p ' q ~ 1 (U*, <p) — >■ L p ' q (U*) 

and 

be the <9-operators in the sense of distributions. 

T and T' are closed densely defined operators, T' o T = and T has closed range 
TZ(T) of finite codimension in kerT' C L p,q (U*) by Theorem 14.11 (we have chosen a 
suitable weight). We denote the image of T in L p ' q (U*) by H. Note that H = kerT' 
if p + q > n. So, the adjoint operators T* and (T')* are closed densely defined 
operators with T* o (T')* = and T* has closed range (see |H3j . Theorem 1.1.1). Let 

S : H (kerT) 1 - = 1Z{T*) C I/' 9 - 1 (U* , tp) (24) 

be the minimal solution operator for the 9-equation (see Section 12.21) and extend it 
to an operator S : L p ' q (U*) -> L M ~ l (U\ <p) by setting Sf = for / G kerT*. 

Since L p,q ~ 1 (U*, ip) is naturally contained in L p,q ~ 1 (U*), we can show by use of 
the criterion for precompactness Theorem 12.11 that S is compact as an operator to 
the latter space. The key idea is to exploit the fact that S is the canonical solution 
operator for the 9-equation. So, it can be represented as S = T*Nt, where Nt is the 
<9-Neumann operator for the complex Laplacian TT* + (T')*T'. 

Theorem 4.2. Let p + q 7^ n, q > 1. The d-solution operator S defined above is 
compact as an operator 

S : DomS = H C L p ' q (U*) -> L p ' q -\U*). 

Proof. Let 

B = {fEH:\\f\\ LP , q{u * ) <l}. 

We will see that /C := S(B) is relatively compact in L p,q ~ l (U*) by Theorem 12.11 

Recall that T and T* have closed range. Define as in Section 12.21 the minimal 
solution operator 

S* : L p ' q - 1 {U\ ip) = K(T*) © ker T ^ L p ' q (U*) 
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for the operator T* and recall that S* is in fact the Hilbert space adjoint of S (Lemma 
E3D so that ||S*|| = ||S|| and ||S*S|| < ||S|| 2 . We define □' by the assignment 

U'a := TT*a + (T'fT'a 

when 

a e Dom □' = {a£ DomT' n Dom T* : T'a G Dom(T')*,T*a e DomT}. 
Let d = — * d* be the formal L 2 -adjoint of d (without any weight). Then we have 

{Ta,/3)Lp, q (u*) = (a, 0£)£M-i(c7*) = (a,e' p 'd(3) LP , q ^i {u *^ ) 
for test-forms a, 0. Thus T*/3 = e v tip for /3 e DomT*, and 

a /3 = e^dfi + e*&dp + A 0/3 

in £/* for /3 e Dom □'. 

Thus □'/? = 7 is a determined second order elliptic system in U*, and by standard 
interior elliptic regularity, we have 

\\/3\\ W 2, 2{v) , \\T*f3\\ w i,2 {v) < C V (\\/3\\ L 2 [V) + H\ L 2 [V) ) (25) 

when V CC U*. For elliptic and subelliptic estimates, we drop the degree (p, q) of 
the forms under consideration from the notation. We write W k ' 2 for the Sobolev 
L 2 -spaces and just L 2 instead of W 0,2 . 

Consider u =_Sf e JC = S(B). By Proposition EH v := S*u = S*Sf = N'f, 
where N' is the <9-Neumann operator for □'. But then u = T*v and O'v = f. Hence 
(|25|) and the Rellich embedding theorem (i.e. the embedding W 1,2 (V) '—t L 2 (V) is 
compact) show that K.\v is relatively compact in L p,q ~ 1 (y) for any V CC U*. 

We must also consider the open set U2 which is not relatively compact in U* . We 
need some subelliptic estimates at bU . For that, let 7r : U' — > U be a resolution of 
singularities such that U' appears as a strongly pseudoconvex domain in a complex 
manifold, and choose a smooth metric a on U' that equals the pull-back of the metric 
from U over JJ\. 

Let x C^ t (Ui UbU) be a smooth cut-off function such that |x| < 1 and x = 1 
on 1/2- As before, let v = S*Sf so that O'v = f. Then x v £ Dom □' and we set 

/' := a'{ X v) = X f + $(dx At)) - 

as y> = on Ui (i.e. e - * = 1 on Ui). But suppdx C Vy = K 2 \ K x CC U*. So, ((25]) 
gives 

\\v\\ W 2,2 (Vl) < C Vl (\\v\\ L 2 {Vl) + ||/||l2 W ) < C Vl (l + ||S|| 2 )||/|| L 2 (yi) . 

This yields (use that x v = v 011 U2): 

Wf'W&Wx) = P'MIU 2 (t/i) < IP'MIU 2 (Fi) + IP'^IU 2 ^) (26) 
< C^f\\ L 2 [Vl) + \\f\\ L 2 {U2) <C'\\f\\ L 2 (Ul) (27) 

with a constant C" > 0. 

When g is a form on U\, we denote by g the trivial extension by of ir*g to [/'. 
Then we see that xv G Dom(D[/') where □[// is the usual <9-Laplacian on U' , and 
n±u>{xy) — /'• As 6C/ 7 is strongly pseudoconvex, Kohn's subelliptic estimates yield 

W^Ww^iu') > P*(x^)ll w i/ 2 ' 2 (c/') < C'(llx^lU 2 (c/') + ll?IU 2 (c/'))- 
But a equals the pull-back of the original metric on U\ and so 

d*(xv) = T*(xv) = n*u 
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over U2 and 

\\u\\ w y^ m < C(\\v\\ LHUl) + \\f'\\ LHUl) ) < C"\\f\\ LHUlh (28) 

where we have used ( |26|) -( l27|) for the last inequality. 

So, (12 8p and the Rellich embedding theorem (i.e. the embedding W /1//2,2 (f/ 2 ) ^ 
L 2 (U 2 ) is compact) show that K,\u 2 is relatively compact in L p ' q ~ l {U2)- 

Now, finally, we can apply Theorem l2.1l to show that K, = S(B) is in fact relatively 
compact in L p > q ~ l (U*). 

We cover U* by U2 and by open sets CC U*. We have already seen that 
condition (i) of Theorem 12.11 is fulfilled as K\u 2 and /C|y are relatively compact in 
L p ' q - l {U 2 ) and L^" 1 ^), respectively, for all /1. 

As U2 covers U* up to the boundary bll, only the singularity a = is relevant 
in view of condition (ii). Since S is bounded as an operator to L p,q ~ 1 {U* 1 ip), there 
exists a constant Cg > such that ||w|| 2 : j, i9 _w [/ « . < Cs for all u G /C = S{B). Let 
e > 0. Choose U e := U \ B s (0) such that 

e -v = \\zl\- 1 > 1/e (29) 

on U — U e . Then 

e- 1 [ \u\ 2 dV < [ MVW < / |n| 2 e"W < C s 

JU-U e JU-Ue JU* 

for all u e /C = S(B). 

Condition (ii) of Theorem 12.11 follows easily because any set ?7 e can be covered by 
U2 and finitely many sets V^. □ 

We also need to treat the case (p, q) = (0, n). This situation turns out to be even 
simpler as the cohomology in top degree behaves nicely on non-compact complex 
manifolds. 

Theorem 4.3. Let X be a pure n- dimensional complex analytic set in <£ N with an 
isolated singularity at and let X carry the pull-back of the Euclidean metric. Let U 
be a neighborhood of in X with smooth strongly pseudoconvex boundary such that 
U* = RegU = U\{0}. Then the d-operatorlf ,n : L°> n -\U*) -> L°> n (U*) satisfies 
Im d ' n = L 0,n (U*) and there exists a compact operator 

S : L°' n (U*) -> Dom(9°' n ) C L 0,n ~ l (U*) 

such that d° ,n Sf = f for all f e L^ n {U*). 

Proof. Let it : M — > X be a resolution of singularities as in Section l2~4"t U' = 7r _1 (C/) 
and E = tt~ 1 ({0}). Let a be any (positive definite) Hermitian metric on M. We 
denote by L p,q the spaces of L 2 -forms on open subsets of RegX, and by L p,q the 
spaces of L 2 -forms on open subsets of M. Moreover, let 7 := ir*h be the pullback of 
the Hermitian metric of X to M. 7 is positive semidefinite (a pseudo-metric) with 
degeneracy locus E. We denote by L p,q the space of forms which are L 2 on M with 
respect to the pseudo- metric 7. 

For an open set U C M and all < q < n, there are bounded inclusions 

L^ q {U) C L^ q (U) (30) 

and 



L°f(U) C L^{U). 



(31) 
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For a proof, see e.g. |R4j . Section 2.2, or |PSlj . (1.5) and (1.6). So, we can simply 
use the bounded inclusions 

7r|^_ B : L°> n {U*) A L° y ' n (U') L° a ' n (U') 

(extend the forms trivially over E) and 

{*\w-eY ■ L° a ' n -\U') c L^~\U') ^ L°' n -\U*). 

The other tool that we need is Siu's vanishing theorem for the cohomology groups 
of dimension n on non-compact complex manifolds of dimension n (see [S2], but 
also [M] where the statement was proved before for locally free coherent analytic 
sheaves) : If N is an n-dimensional non-compact complex manifold and J 7 a coherent 
analytic sheaf on N, then H n (N, J 7 ) = 0. It follows that| H°' n (U') ^ H n (U' ', O) = 0. 
On the other hand, it is well-known that the L 2 - and the L 2 ' ioc -Dolbeault cohomol- 
ogy coincide on a domain with smooth strongly pseudoconvex boundary in a complex 
manifold (see e.g. [EM] . Theorem VIII.4.1). Thus (U') = 0, and strong pseudo- 
convexity of U' implies (by Kohn's subelliptic estimates) the existence of a compact 
(9-solution operator 

S M : L% n {U') -> Dom(d) C L° a n ~ l {U'). 
It follows that S := (vr|^,_ E )* o S M o n\l /l _ E is the desired compact solution operator 
for d° ,n onU*. □ 



5. Global regularity of the <9-operator 

Let X be a Hermitian complex space of pure dimension n, i.e. a reduced complex 
space with a Hermitian metric which extends smoothly to the singular set, and let 
7r : M — y X be a resolution of singularities as in Section 12.41 Let a be any (positive 
definite) Hermitian metric on M. We denote by L p ' q the spaces of L 2 -forms on open 
subsets of RegX, and by L™ the spaces of L 2 -forms on open subsets of M. 

Let Q CC X be a relatively compact open subset of X such that the boundary 
of Q does not intersect the singular set of X, bQ D SingX = 0, and that Q contains 
only isolated singularities. Let Q* := Q — SingX and Q' := 7T" 1 (SI) . 

Theorem 5.1. Let q > 1 and either p + q ^ n or (p,q) = (0,n). Under the 
assumptions above, the d-operator in the sense of distributions 

has closed range (of finite codimension) in ker d C L p ' q (Q*) exactly if the d-operator 
in the sense of distributions 

has closed range (of finite codimension) in ker$M C IJ^ q (Q!). 

If this is the case, then there exists a compact d-solution operator 

S:ImdC L p ' q (Q*) -»• ^^(n*) 

exactly if there exists a compact d-solution operator 

SMi/m^cWl^e'fO'). 

3 As U' is str. pseudoconvex, we can also use Serre duality: H n (U' , O) = H° t (U', Q n ) = 0. 
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The phrase 'of finite codimension' is optional and may or may not be included in 
the statement of the theorem, just as desired. 

Proof. The strategy of the proof is similar to the proof of Theorem 13.11 

Let E = 7r~ 1 (SingX) be the exceptional set of the resolution ir : M — > X. We may 
assume that E is a divisor with only normal crossings, i.e. the irreducible components 
of E are regular and meet complex transversely. However, this assumption is not 
necessary. In the following, we can assume that E = /T -1 (Sing AT PI Q) such that 
Q' = 7r~ 1 (f2) is a neighborhood of the exceptional set E. We denote by {ai, 
the isolated singularities in Q, so that the exceptional set consists of the components 
Efj, = 7r _1 ({a M }), /i = 1, k, which are pairwise disjoint. Note that E^ will consist 
again of finitely many pairwise disjoint components if X is not irreducible at a M . 

Let 7 := ir*h be the pullback of the Hermitian metric h of X to M. 7 is positive 
semidefinite (a pseudo-metric) with degeneracy locus E. We denote by LEj q the space 
of forms which are L 2 on M with respect to the pseudo-metric 7. As in ([7]), fix a 
positive integer m such that the effective divisor mE satisfies: 

L™(U, L_ mE ) C L^(U) C If«(U, L mE ) (32) 

for all < p, q < n and open sets U C M. 

By Theorem 13.11 and Theorem I3.2[ we can now replace the conditions on Dm by 
conditions on the (^-operator in the sense of distributions for L 2 -forms with values in 
the holomorphic line bundle L_ m E which we denote by cL m £> 

d M : L^-\n') LM(tf) (33) 

has closed range (of finite codimension) in ker 8m C L^.' q (Q') exactly if 

d„ mE : L^-\Q', L_ mE ) L^(Q', L_ mE ) (34) 

has closed range (of finite codimension) in ker<9_ m £ C L p ^ q {Q! , L- mE ). If this is the 
case, then there exists a compact (^-solution operator 

S M : Im d M C L^itt') (35) 

exactly if there exists a compact 9-solution operator 

S^ mE : Im d_ mE C L_ mE ) -> L^\Q', L_ mE ). (36) 

Let Ui, Uk be strongly pseudoconvex neighborhoods of the isolated singularities 
ai,...,<2fc such that Theorem 14.11 Theorem 14.21 and Theorem 14.31 are valid on U* = 
U„ - {a M }, n = 1, k. Let U := U M ^ and U* = U - SingX. 

By use of Theorem 14. II and Theorem 14.21 or Theorem 14.31 respectively, Im d\u* is 
closed and of finite codimension in ker d\u* C L p,q (U*) and there exists a compact 
(9-solution operator 

T : Im d\ v « C L M (fT) -> L P ^\U*). 

As in Section [3] (see Theorem 13.11 and Theorem I3.2[) . we will first prove the theorem 
including the statement about finite codimension, and will show afterwards how the 
statement about finite codimension can be dropped. 

Assume first that &m and thus also d_ mE have closed range of finite codimension, 
and let 

S. mE : Im d. mE C L™{n', L- mE ) L™' 1 ^', L^ mE ) (37) 
be a corresponding bounded (9-solution operator. 
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As in the proof of Theorem 13. 1\ consider the bounded linear map 

$ : kerd C L M (Q*) -> ker d\u* 

given by $(/) := f\u*- Since Im <9|[/» is a closed subspace of finite codimension in 
kerd\u*, the same holds for 

H:= ^(Imdlu*) = {fe kerd: f\u- elm d\ v .} 

in kerd. Choose a smooth cut-off function \ which has compact support in U — 
U/i^M anc ^ * s identically 1 in a neighborhood of the isolated singularities ai,...,Ofe. 
Then we can define a bounded linear map 

: if -)■ ker d_ mS C L_ mi; ) 

by the assignment 

/effH (tt|^_ e (/ - d( X T(f\u*)))) ® s_ mE 

since /— 9(xT(/|[/*)j is identically zero in a neighborhood the singularities ai, a^. 
By assumption, cL m £ has closed range Im d_ m E of finite codimension in ker<9_ m £ 
so that 

H' :=y\\md_ mE ) 

is a closed subspace of finite codimension in H. As we have already seen that H in 
turn is closed of finite codimension in ker<9, it follows that H' is a closed subspace 
of finite codimension in ker d. 

On the other hand, since ^f(H') C Im d- m E, we can define by use of (137]) a d- 
solution operator 

s' : h' c L M (ir) Lp^-^n*) 

by setting 

S'(/) := M^-s)* ((S-mB ° *(/)) ■ sZl E ) + X T(f\u*)- 
Here, we use the natural injection L£' 9_1 (fi', L- mE ) C yielding that 

is a bounded linear map (see (132|) . ([7])). Since we consider the (^-operator in the sense 
of distributions on Q* and n\n>-E is a biholomorphism, it follows that dS'(f) = f for 
all / G if 7 . Hence if' C Im <9 C ker d so that Im d is closed and of finite codimension 
in ker d. Let S be an extension of S' to Im d by use of Lemma 12.111 

If, in addition, Sm is compact, then S_ m £ is compact by Theorem 13. II (or Theorem 
13. 2\ respectively). This yields compactness of S, because T is compact, as well. 

For the converse direction of the statement, assume now that Im d has closed 
range of finite codimension in ker d C L p ' q (Q*), an let 

S:Im9c L p ' q (Q*) -> L^" 1 ^*) (38) 

be a corresponding bounded (^-solution operator. As in (|33|) - (|36|) . if follows from 
Theorem 13. II and Theorem 13.21 that it is enough to prove the statements for d m E and 
S m E (instead for du and Sm)- 

Let Ux, 11^ be the strongly pseudoconvex neighborhoods of the isolated singu- 
larities as above and let U'^ := 7r _1 (t/ M ), /x = 1, k. Set V := U = 7r" 1 (?7). As 
in the proof of Theorem 13 1 1 ^ the operator 

d mE \u> : L™-\U',L mE ) L™(U',L mE ) 
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has closed range of finite codimension in ker d mE \u' an d there exists a corresponding 
compact (^-solution operator 

T mE : Im d mE \u, C L™(U', L mE ) -> L^\U', L mE ). (39) 

Here now, let 

§ mE : kerd mE C L p f(Vt' , L mE ) ->■ ker9 mB |c// 
be the bounded linear map given by $ mE (f) : = f\u', such that 

-f^mE := ^i E 0- m d mE \u') 

is a closed subspace of finite codimension in ker d mE . 
Setting x' — 7r *X; we define here a bounded linear map 

VmE ■■ H mE ^ ker d C L p > q (Q*) 

by the assignment 

feH mE ^ (n\ n t E y((f - d^x'iWiV)) • s^ E ) 

since / — d mE x'T m E(f\u') is identically zero in a neighborhood the exceptional set 
E. By assumption, 9 has closed range Im d of finite codimension in ker d so that 

Ke ■= *^(Im d) 

has closed range of finite codimension in H mE . As we have already seen that H mE 
in turn is closed of finite codimension in kei d mE , it follows that H' mE is a closed 
subspace of finite codimension in ker<9 m £:. 

On the other hand, since ^ mE (H' mE ) C Im d, we can define by use of fl38|) a 
<9-solution operator 

S' mE : H' mE c L™(n',L mE ) Lg.«- 1 (0' I L mB ) 

by setting 

SU(/) - (t|o'-b(S o ^(/))) ® SmS + x'TmBC/V)- 
Here, we use the natural injection L^'^iVt') C L^ c/ ~ 1 (f2 / , L mS ) yielding that 

is a bounded linear map (see (13*21) . (|7j)). 

In this situation, we only know that d mE S' mE (f) = f on Q' \ E. But, the d rnE - 
equation in L£'*(fi, L m e) extends over the hypersurface E so that d mE S' mE (f) = f on 
f2' (see the <9-extension Theorem 3.2 in |R2j ). Hence, here -ftT^ C Im d mE C kere? m £ 
so that Im d mE is closed and of finite codimension in ker d mE . 

We can complement S' mE by Lemma 12.111 to a bounded <9-solution operator 

S mE : Im d mE C L™(tt',L mE ) -+ , L mE ). 

If in addition S is compact, then compactness of T mE implies that S' mE and S mE are 
also compact. 

Finally, we will now prove that (f' q : L p ' q ~ 1 (Q*) — > L p,q (Q*) has closed range 
exactly if W£ : LP' 9_1 (fi') ^(^O has closed range, i.e that we can drop the 
statement about finite codimension. 

Observe that for q = 1, we have injective maps 

it : kerW_l mE \u' -»■ ker^T'V* , /i i-» {^-E)*( h " s -ms) 



24 N. 0VRELID AND J. RUPPENTHAL 

and 

i 2 : kerZF' \ v . -»■ ker d^^/ , / ^ (w*f) ® 
such that i 2 o i 1 = i where 

z'o : kerZF'^lf/, ->■ kerfl^^ , g ^ (g ■ sZ l mE ) ® s mS . 

Note that we have considered this map z'o already in the last section of the proof 
of Theorem 13.11 and that Im i$ has finite codimension in kei'tf mE \u i (see ( TTTj) and 
use D\ = —mE, D 2 = mE, W = U'). But Im io C Im i 2 so that Im i 2 has finite 
codimension in ker'B^ nE \u' , as well. On the other hand, Im %\ = z'^" 1 (Im i ) as i 2 is 

injective. Hence, Im i\ is of finite codimension in ker<9 ' \u*. We conclude by use of 
Lemma [2.91 that both, Im %\ and Im i 2 , are closed. 

Assume now that o^ mE has closed range (which is equivalent to having closed 
range by Theorem 13 . 2j) . Then 

is a closed subspace of Im cf' 9 . We shall find a another subspace H C H' of finite 
codimension in Im W' 9 . Then we can conclude that Im cf' 9 is closed by use of Lemma 
12.81 As in the proof of Theorem 13.21 we choose a (possibly discontinuous) solution 
operator 

S : Im IT' 9 — > Dom(d P ' 9 ) 
with W' q S f = f. When q > 1, set 

H:={fe Im W' 9 : (S /)|^ - T(/V) G Im ^V}- 

Thus, if is of finite codimension in Im cf' 9 because / (So/)|[/* — T(/|r/») is a linear 
map Im c/' 9 — > heTu q \u* and Im cf' 9 \u* is of finite codimension in keitf' 9 \u*- Let 
/ G if with 

(s /)| u .-T(/i^)=y ,9L "V« 

for u G L p ' q ~ 2 (U*). Observe that 

/-^(XTC/M) = a P ' 9 ((l-x)So/)+^(x(So/-T(/| c/ ,))) 
= a M ((l- X )So/-9 X Ai;), 

since tf' 9 {dx A u) = —lT' q (xcf'v). It follows that \&(/) = cf^ mE w where 

w = tt* ((1 - x)S / -d X A v)) <g> s _ m£ g L^tf, L_ mS ) 

so that in fact / G H' . So, H C H' as desired. 
For the case q = 1, we set instead 

if = {/ G Im ^ : (S /V - T(/| p .) G Im ij. 

Thus, if is of finite codimension in Im c/' 1 because / (S /)|cr* — T(f\u*) is a 
linear map Im <9 ' — > ker d ' \u* and Im %\ is of finite codimension in ker<9 Let 
/ G ff with 

(So/Jltf.-TC/lff.) 

for „ G ker 
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Observe as above that 

f-T\ X nf\u*)) = d P ' q ((l-x)S f + x((Sof)\u*-T(f\ u ,))) 

= d P ' q {(l- X )S f + ^i(v)). 

It follows that = 0- m E u f° r 

u = tt*((1 - x)S / + xhv) ® s„ mi? G L£ (fi', L- m E) 

so that in fact / G So, we have H d H' also in the case 5 = 1. 

Assume moreover that S_ m E : Im <9_ m £ C LP^iQ! , L_ mE ) — > ^''"'(fi'^-mE) is 
a compact solution operator on Im d- m E- Then we have seen above that S' : H' C 
L p,9 (f2*) — >■ L p ' (? ~ 1 (r2*) is a compact solution operator on if'. Hence, S : Im ~W' q — > 
L p,q ^ 1 (Q*) is compact as well by Lemma [2.101 as H' has finite codimension in Im cf' 9 . 

For the converse direction of the statement, assume now that 

T Q : L p ' q ~\Q*) -»• L p ' 9 (fT) 

has closed range Im <9 P,<? in L p,q (Q*). Then we have that 

H' mE = ^ E (lmT q ) 

is a closed subspace of Im d^ E , and we shall find another subspace H mE C -f^m_E sucn 
that i? m E has finite codimension in Im o^ E . Then i/ 7 ^ is also of finite codimension 
in Im d^ E , thus Im ~W^ E is closed by Lemma l2~8l 

For that, we repeat the procedure from above. Choose a (possibly discontinuous) 
solution operator 

S : Im d mE -> Dom(<9j^) 
with d P mE S f = f. When q > 1, set 

^mE := {/ G Im dj^s : (S f)\u' ~ T mE (f\u>) G Im !^ E \u'}, 

where T mE is the compact solution operator from fl39l) . So, iims is of finite codi- 
mension in Im u^ E . Let / G -fiT m £: with 

(Sof)\u' -T mE (f\u,) = d p ' q - 1 \ u ,v 
for t> G L v j q ~ 2 {U' , L mE ). Observe as above that 

/ - SEi(x , T mB (/| u 0) = - x')So/ - A v). 

It follows that ty m E{f) = w where 

" = Wn'-J* (((1 " x')So/ - ^ A «)) ■ s- 1 *) G I/ P,9 ~ 1 (fi*) 

so that in fact / G i^is- Hence, H mE C ii 7 ^ as desired. 
For the case g = 1, we set 

i? m£ = {/ G Im = (S„/)|tf' - T(/|y/) G Im * 2 }. 

Thus, -ff m _B is of finite codimension in Im cf^ E because Im %i is of finite codimension 
in ker d mE \ u> ■ Let / G H mE with 

(So/)|^ -T(/|^) =z 2 (^) 
for v G ker^' 1 ^.. Observe as above that 
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It follows that ^ m E{f) = d P ' 9 u for 

« = (*\v-bY (ft 1 " x')So/ + X^)) ■ ^) G £*°(n*) 
so that in fact / G H' rnE . So, we have H mE C also in the case q — 1. 

Assume moreover that S : Im if' 9 C L^fi*) L^" 1 ^*) is a compact solution 
operator on Im W' . Then we have seen above that 

S' mE : H' mE C L^(Q',L m£ ) -> L™" 1 ^',^) 

is a compact solution operator on Hence, S m £ : Im — > L^ c/ ~ 1 (f2 / , L m ^) is 

compact as well by Lemma [2.101 as H' mE has finite codimension in Im u^ E . □ 

6. Compactness of the <9-Neumann operator 

We need to add another criterion to Theorem I2.3[ namely the characterization 
of compactness of the <9-Neumann operator by the existence of compact <9-solution 
operators, a criterion which holds on arbitrary Hermitian manifolds (Theorem 16. 2J) . 
The proof of Theorem 16.21 is an easy consequence of the preliminaries on closed, 
densely defined linear operators that we have collected in Section 12.21 

Let M be a Hermitian complex manifold of dimension n, and let < p, q < n and 
q > 1. Let d Piq : L p,q ~ l (M) — > L p ' q (M) be the <9-operator in the sense of distributions 
and d its L 2 -adjoint. 

We assume that <9 Pj(? (and so also d p ) have closed range and define the minimal 
(i.e. canonical) solution operators for d Ptq and d pq , 

S Pi g : Im d M -» ( ker d p>q ) ^ = Im d* p q , 

S * P , q Im Kq ~> ( ker K,q) ± = Im 
as in Section 12.21 Recall that S Pi9 and S* are bounded, and that S* is in fact the 
L 2 -adjoint of S p>q (Lemma I2.4p . Note also the trivial: 

Lemma 6.1. S Ptq is compact exactly if there exists a compact d-solution operator 

T P ,q '■ Im d Pj q — >• L P,9_1 (M). 

Proof. Simply compose T Pi9 with the (bounded) orthogonal projection onto (ker dp^) 1 
and extend this operator by zero to (Im c^) -1 . The other direction is trivial. □ 

Now, we draw our attention to the <9-Neumann operator which we will represent 
by use of the canonical (^-solution operators discussed above. On 

DomD Pi , = {ue Doma M+ i n Dom^ : d Pjq+1 f G Domd* pq+1 ,d* pq f G Dom^J, 

we define the <9-Laplacian 

□p,, = d p , q %, q + %, q+1 d p , q+ i : Dom D Pj g C L p ' q (M) L™(M). 

It is well-known that this is a densely defined, closed, self-adjoint operator (see 
Theorem 12. 5p . The minimal solution operator for \3 p>q , 

N M = : Im B M C L™(M) -»• DomD Pi9 n (ker □ Pi<? ) ± C L™(M), 

is called the <9-Neumann operator. N PiQ is a bounded operator exactly if n p>q has 
closed range which in turn is the case exactly if <9 Pj(? and d p , q +i both have closed 
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range (see Theorem 12. 6p . If this is the case, we extend N p q as above trivially to an 
operator 

N m : If> q (M) Dom(D M ) n (kerD^. 
Theorem 6.2. Let d p>q and d P)Q+ i have closed range. Then: 

N P ,q = Sp >9 S M + Sp !9+ iS* ?+1 . (40) 

Hence, the d-Neumann operator N Piq is compact exactly if the canonical d-solution 
operators S Ptq and S Pi9+ i both are compact. 



Proof. The identity fl40l) is direct consequence of Theorem 12.61 

For a bounded operator T, it is well known that T is compact exactly if T* is 
compact, and this is the case exactly if T*T is compact. 

So, assume that S p>g and S p>g+ i are compact. Then it follows from (}4"0")) that N PtQ 
is compact. Conversely, assume that N m is compact. Then S* JS P) q and S Pjg+ iS* +1 
both are compact by (jiO]l for they are positive. It follows that S Pi9 and S P)?+ i both 
are compact. □ 

This gives another criterion for compactness of the <9-Neumann operator on arbi- 
trary Hermitian manifolds which we apply in the context of isolated singularities to 
finally prove our second main theorem. 

6.1. Proof of Theorem 11.21 Statement i. follows directly from the discussion 
above (use Theorem I2.6p . Moreover, Theorem 15.11 shows that 

d M : L M ^(fi*) L p ' q {Q*), 

d m+1 : L p ' q (Q*) -> L p ' q+1 (Q*) 

also have closed range in the corresponding kernels of d. So, statement ii. is also a 
direct consequence of the discussion above. 

It follows from the proof of Theorem 15.11 that Im <9 Pi9 is of finite codimension in 

ker <9 Pi(J+ i if Im d^ q is of finite codimension in ker d^ q+1 and that Im <9 Pj(? +i is of 

finite codimension in ker <9 Pj(? +2 if Im dL^ q+1 is of finite codimension in kerd pq+2 - As 
□ Pi g and n p<q both have closed range, we have orthogonal decompositions L% q (Q!) = 
Im © ker U^ q and L M (Vt*) = Im D M © ker D M . But ker D^ q and ker D M are of 

finite dimension if Im and Im d Pjq are of finite codimension (as the L 2 -cohomology 
classes have harmonic representatives). That shows iii. 

It remains to show that N pq is compact exactly if is compact. By Theorem 



Nfi is compact exactly if the canonical d -solution operators 



'P,q f Wm i JUl ' U WVC^l/iJ ±1. i. pg 

is pnmnfi.pt pvfi.ptlv 

c 



>,<?+! • 

both are compact. By Theorem 15.11 and Lemma 16.11 this is exactly the case if the 
canonical <9-solution operators 

S p>q : L p,q (Q,*) —> L P ' 9_1 (Q*), 

S M+1 : L p ' q+ \n*) -> L p > q (tt*) 



both are compact. Another application of Theorem 16.21 shows that this in turn is 
equivalent to compactness of N p>g . 
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